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An important problem in the theory of cellular automata (CA) is the research of complex rules, the parame-
terization of the rule space, and the description of the CA dynamic behavior. In this article, the authors used
evolutionary techniques in the search of CA with specific characteristics, in order to understand how their data
are related to the previous findings in this sector. Using as fitness function, the variance of the input-entropy,
a genetic algorithm was built to search complex rules for multistate CA. The algorithm used is efficient and
many complex rules have been found. Many of these rules present interesting characteristics. Gliders with large
period and large spatial dimensions may be observed. The experiments performed show that complex rules have
several � values, which do not reside in a sharply defined region; on the contrary, these values are extended on
very large regions of the � parameter. The results provide also a view of the CA rule space. © 2003 Wiley
Periodicals, Inc.
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1. INTRODUCTION

C ellular automata (CA) are a significant subject in the

science of complexity. CA are dynamic systems in

which space, time, and states are discrete and have

long been studied in as much as they are mathematical

models able to simulate a great variety of complex behavior

of some physical [1] and/or biological systems [2]. Despite

their apparent simple criteria of evolution, CA can display

rich and complex patterns, whose organization is com-

pletely unpredictable. Wolfram [3] classified cellular autom-

ata rules qualitatively according to their asymptotic behav-

ior: class I (homogeneity); class II (periodicity); class III

(chaos); class IV (complexity).

Hence, the first class consists of automata that evolve to

a unique, homogeneous state, after a limited transient. The

second class is made up of automata whose evolution leads

to a set of separated, simple, and periodic structures. The

third class is made of automata that show a-periodic space-

time patterns. The fourth class deals with automata that

evolve to complex patterns. In this class, emerging struc-

tures, discernible from a homogenous or periodic or regular

background, can be observed. These structures continu-

ously change over a long transient, before extinguishing or

propagating periodically in space-time. These last periodic

structures are identified as “gliders” [4,5] or “particles” [6].

Since Wolfram’s work, difficulties have been encoun-

tered in two aspects of the classification problem:

1. parameterization of the rule space;

2. quantification of the CA dynamic behavior.

56 C O M P L E X I T Y © 2003 Wiley Periodicals, Inc., Vol. 8, No. 3



A systematic way in investigating the space of the CA
rules was opened by the parametric approach, invented by
Langton [7,8]. He proposed the � parameter, which mea-
sures the fraction of nonzero transitions in the rule table.
So, a rule with small � value corresponds to the Wolfram
class I or class II and with the largest values to class III. Class
IV is represented by � values of a small region between class
II and class III. In fact, the Edge of Chaos Hypothesis (EOC),
formulated by Langton [7,8], stated that complex rules of
class IV could be found in the region between order and
chaos.

Complex rules are important because they realize com-
putation, as transmission, storage, and modification of in-
formation, like biological systems and life. Furthermore,
universal computation requires memory and communica-
tion over a long distance in space and time. Thus complex
computation requires long transient and space-time corre-
lation lengths, typical of complex rules of class IV. Langton
finds that complex CA rules can be found in this restricted
region, called the Edge of Chaos and that the complex
dynamics of systems in the vicinity of a phase transition rest
on a fundamental capacity for producing information. Ac-
cording to Langton, it is possible to understand the evolu-
tion of life if we think that life had its origin in these kinds
of extended transient dynamics. The hypothesis makes a
further assertion that when biological systems must per-
form complex computation for survival, the process of evo-
lution under natural selection tends to select such systems
near a phase transition, from ordered to chaotic behavior
[9]. In this way, the complex dynamic regime acts as an
evolutionary attractor in the state space. Langton’s studies
addressed only the relationship between � and the CA dy-
namic behavior, by using different kinds of statistics [8].

Packard [10], using genetic algorithms (GA) to evolve CA
rules to perform a particular computation, found that evo-
lution pushes the population of rules to group just adjacent
to the critical region, identified by Langton’s � parameter.
The use of GA for investigating the rules space has also been
adopted by Mitchell, Crutchfield, and collaborators [9,11],
with the aim of studying the relationship among evolution,
computation, and the � parameter. Their experiments pro-
duced very different results. Mitchell et al. found that,
whereas their GA produced complex rules, capable of reach-
ing a goal pattern (main task), they do not reside in the
region individuated by Langton.

In this work, using a GA-based on the variance of the
input-entropy [5] to evolve complex CA rules, we consider
the problem of locating and characterizing in the � param-
eter those CA rules that give rise to interesting dynamic
behavior. According to a great deal of experiments per-
formed, CA rules are located in very large intervals of the �

parameter, are distributed in very different ways, sometimes
with values concentrated in specific intervals, sometimes
with a very large distribution. The dynamics of these evo-

lutions show different kinds of attractors. The work de-
scribes how the space of multistate CA is structured and
analyses many paths of evolution in the state space, giving
an idea of different types of evolutionary paths.

The article is organized as follows. Section 2 discusses CA
and GA formal aspects. Section 3 reports on experiments.
Results are then discussed in Section 4. Finally, conclusions
are presented in Section 5.

2. FORMAL ASPECTS
Following Wolfram [3], let one-dimensional cellular autom-
ata be defined as a discrete dynamic system consisting of a
finite lattice of identical cells, whose values update simul-
taneously, according to a local rule. The value of the site i at
time t is indicated by ai

(t). This value will depend on the
values of the neighborhood of the site at the time before t �

1. So the rule of iteration will be an application F, given by

ai
�t� � F �ai�r

�t�1�, ai�z�1
�t�1� , . . . , ai

�t�1�, . . . , ai�r
�t�1��, (1)

where r represents the radius of the neighborhood and 2r �

1 is the number of sites (around the site i) that affects the
change of the value of the site itself. The state of the site is
represented as a whole number from 0 to k � 1, inclusive.

Local rules can be written as a look-up table, uniquely
identified by a string G, defined as

G � �s1, s2, · · · sk2r�1�. (2)

where si is a whole number from 0 to k � 1, inclusive. The
length of this string is k2r�1. Therefore, for generic k and r
the number of rules of iteration (1) will be kk2r�1

. For exam-
ple, if k 	 4 and r 	 1, the look-up table can be written as
follows:

� 333 332 331 330 323 . . . 003 002 001 000
2 0 1 3 2 . . . 0 3 1 2 � ,

and (2) will be

G � �2, 0, 1, 3, 2, . . . , 0, 3, 1, 2�.

The convention we have used is the reverse lexicographic
order [12]. The string (2) can be considered as the genotypic
representation of the CA rule. Starting from this genome,
one can activate an evolutionary process through a GA. The
number of rules will increase enormously when the values
of k and r increase.

The great number of rules for CA led many researchers to
use GA to find CA with particular forms of behavior
[9 –11,13,14]. In an evolutionary process, a GA selects indi-
viduals with specific characteristics, as they are the fittest,
on which genetic operators are utilized for producing the
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population of the next generation. These characteristics are
measured by a fitness function. We have used the variance
of input entropy devised by Wuensche [5] as the fitness
function. His studies carried out on binary CAs showed that
the progress of this function is almost constant in organized
or chaotic systems, but displays marked and continuous
variations in complex systems.

The input-entropy, calculated on the distribution of the
look-up frequencies at time t, for a temporal step, is given
by

St � � �
i	1

k2r�1 �Qi
t

n
� log�Qi

t

n �� (3)

where Qi
t is the amount of the ith configuration of the

neighborhood at time t and n is the number of sites. The
variance � of (3), in a given period of observation of the
system, can be considered as a measure of the system
complexity.

In our experiments, for any k and r we have used lattices
of 75 sites. Following Wuensche [5], S is averaged over a
window of 5 time-steps. Furthermore, the first 30 steps are
ignored to jump the initial transition, from which the dy-
namical characteristic of complex system emerges (see Fig-
ure 1).

3. EXPERIMENTS
In order to look for complex systems within the rules space
for differing values of k and r, a GA [15] was constructed
which, starting from an initial population of M rules selects,
generation after generation, the best rules. Other rules are

generated from their predecessors, through mutation and
crossover. The experiments show that the families of rules
found exhibit both qualitative and quantitative properties of
complex behavior. Generally, the procedure we used is re-
ported below.

In Table 1, we report the parameters, the symbols and
the values for the CAs and GAs respectively, utilized in our
experiments.

3.1. Initial Population
In order to parametrize the rule space, having chosen a
whole value q element of (0, k � 1), called quiescent state,
Langton [8] proposed the quantity:

FIGURE 2

The progress of the fitness paths of a single run experiment for k 	
2 and r 	 3, giving evidence of the best fitness, the mean fitness, and
the mean fitness of the elite and the � values for each generation,
taking into account the mean � values, the mean values of � for the
rules of the elite, the � variance among all the rules of each
generation and the best fit rules.

TABLE 1

Parameters, Symbols, and Values for the Ca and GA

Parameters Symbol
Values utilized

in the experiments

CA Parameter
State k 3, 4, 5, 6, 8
Number of sites n 75
Radius r 1, 2, 3
Neighbourhood I � 2r � 1 3, 5, 7
Window w 5
Time P 430
Transient C 30

GA Parameter
Generations G 40
Populations M 40
Elite E 10, 20, 30%
Mean Mutation m 3, 10, 20

FIGURE 1

The evolution of a cellular automaton complex rule (k 	 4, r 	 1) with
200 sites for 300 time steps. On the right is the input entropy function,
calculated on a window of five temporal steps.
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� �
k2r�1 � N

k2r�1 (4)

where N is the number of neighborhoods to which the rule
assigns a value q. In our experiments, we have used 0 as
quiescent state.

The initial population is generated randomly and is uni-
formly distributed among different � values.

3.2. Fitness Function
The fitness function evaluates the M rules for each genera-
tion. For each rule, an initial random configuration is gen-
erated, in which each site i has a probability 1/k of having
any value.

From each initial configuration, CA iteration continues
for P steps. The fitness function � [defined as the variance
of the input-entropy (3)] is calculated, ignoring the first C
steps with the intention of eliminating the initial tran-
sient [5]. According to Wuensche [5], this is useful to
allow the system to settle to its typical behavior before
measures are taken. The mean “look-up” frequencies are
calculated considering windows of w simulation steps.
This has been done because entropy varies between iter-
ations and by using a running window tends to make the
fitness landscape smoother, eliminating the high fre-
quency oscillations.

In these experiments, P 	 430, C 	 30, w 	 5 were used.
For each initial configuration, � has been evaluated.

In performing different simulations for the same rule, the
fitness may change appreciably. In the experiments, the
evolutionary process might reject many complex rules be-
cause they have a lower � value, compared with the previ-
ous generation. Consequently, the fitness of the rule is up-
dated only if it is higher in the current generation.

In this way, the fitness of a rule becomes a nondecreasing
function, and at each generation the value reported is the
maximum, measured in the different generations. With these
parameters, we have noted that the GA is more efficient.

The number of sites (n) of the CA is a relevant parameter
for calculating the � values. Because it has been empirically
observed by Wuensche [5] that the entropy oscillations are
less evident with the increasing of n, better results are
obtained for not very large n (n included between 50 and
100). We have chosen n 	 75 for our experiments.

3.3. Evolutionary Process
In order to build up the next generation, the strategy of
copying the rules with higher fitness (elite) was adopted,
obtaining the others from the previous generation by
crossover and mutation. The crossover consists of select-
ing couples of rules from the rules of the previous gen-
eration. For each couple, a random point of crossover is
chosen, and two different rules are obtained, exchanging

the substrings before and after the crossover point. In
addition, each new rule, created by crossover, undergoes a
random mutation [15].

The mean mutation is another parameter of the evolu-
tion. In these experiments, the number of mutation is ran-
dom and varies, each time, from a minimum of a single
mutation to a maximum equal to twice the mean mutation
m. Usually, the value that gives best results is 3% of the rule
length (k2r�1).

The GA developed works in the following way. In our
experiments the population for each generation is com-
posed of M 	 40 rules. The process is iterated for 40 gen-
erations. We have used two different methods, the first,
applied for the first 20 generations, the second to the re-
maining ones. The first method is the following:

1. the � of each rule in the population is calculated;
2. the block E of the best rules (elite) is copied without

mutation in the next generation;
3. the M � E remaining rules of the next generation are

formed by crossover and mutation, among M rules.

The second method, applied in the second part of the
evolutionary process, foresees that crossover is performed
only amongst the rules of the elite.

We have used these two methods because we noted that
even though carrying out the crossover on the entire pop-
ulation allows the discovery of various kinds of complex
behavior, these rules will not evolve further. Complex rules

FIGURE 3

The last generation rule distribution in the � values for the experiment
k 	 2 and r 	 3. On the left is the peak of the fitness high value
reported in the last generation of the evolutionary process. The rules
are distributed mainly in the central bar of the histogram. The empty
circles, which represent the best fitness values, and the filled circles,
which represent the mean fitness values, are situated in points of the
� space, which roughly correspond to the highest number of rules
with the highest � values.
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are only a small percentage of the total population. Instead,
by choosing simply from the elements of the elite, the
algorithm usually succeeds in evolving complex behavior,
which will develop additionally. Combining the character-
istics of discovery of the first method and the characteristics
of evolution of the second one, the GA finds a great number
of complex rules with different kinds of complex behavior.

Examples of the process of evolution are displayed in
Figures 2 and 4. The lines of the graph show the evolution of
the best fitness, the mean fitness and the elite mean fitness
during the evolutionary process.

Figures 3 and 5 show the distribution of the rules of the
last generation values over 14 intervals of the � parameter.

The empty circles indicate the best fitness for each interval.
The filled circles represent the mean fitness for each �

interval. The best fitness value is reported in the top of the
figure, on the left. In the bottom there are the mean � value for
the experiment and the � variance. It shows how the last
generation of complex rules are distributed in the � parameter.

From these distributions it is possible to note the rela-
tionship between � and �.

4. RESULTS
A lot of simulations were performed by varying the parameters
and of each experiment. Populations of evolved rules usually
present many rules with complex behavior. Table 2 presents a list

TABLE 2

List of Pictures of Complex Rules, Found from Various Experiments, Generated from Random Initial Configurations

Pattern Rule Pattern Rule

k2r2:
93764248 (Hex)

k4r1:
3313320003013200331223001102220013312
121220130330113220223222322

k2r3:
63EA69C62D65003E322941EC688EAB34 (Hex)

k4r1:
3330333031123203323022011203203112312
301320333130310211320032011

k2r4:
01001505171105009D0104011415119009400
59554152115011104198115191501013515
050115051407250515151D1100995051510
114C130415035105341511 (Hex)

k5r1:
0424004220231021010040114120202102240
13021420010244130120020014101324423
01303402030131421204243104120040002
1313121203131030200
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of complex rules for different k and z values. The evolved families
present a great variety of periodic and nonperiodic structures,
responsible for the phenomenon of interacting gliders that
spread among homogeneous and regular backgrounds.

Performing several experiments has optimized the evo-
lutionary process. It was found that the genetic algorithm is
successful for populations of 40 – 80 evolved rules and for
40 – 80 generations.

TABLE 2

Continued

Pattern Rule Pattern Rule

k3r1:
001220000100011010200211112

k4r2:
0000020000333102000301010220120100200
21003010000000001300130200100300210
02133100000020030000000100000200010
20200000000103010002022030003110202
20233303010000010010002033030023000
03323100113301200200130121000023002
20000000002100202032210020002110330
03120022200031200101301310000000330
01002100001000001100210020020031003
32303003000000320102000001111030000
10000120220000000001100000200202002
30100220201023201000100000310010003
20323010010002211011202202200210320
02030032000210000000003000320120002
20300000122003202302023001000130102
03022210010120031300022002001001000
10301000001000220001000301013000020
30100230000010000212100000001000002
20200200032230300002000221331020301
03002033112223122000002330010120022
30302013300210003102000302000000200
00300312031120300023330000100003000
02020102020200322000031100200001001
30320202100000031300020003000000200
10323200031020101010002000031030000
31000300000101000230000010011200031
03100000101000000002013020300023320
20012000022100100003012120320001001
0000000100001303033111110000200200

k3r2:
2001010002021001100210010200022202000
01110020000210201210211021220002102
21002010020021010001010011212201000
20012100000220000202101200001201000
20002002200122111000001220000011100
02201001020112020002200111100020202
0112222200012000010200200112020

k8r1:
6000641205410001202054366000000051010
40060000010200000100501000562007400
00310000430253000240000000016000000
44500034000600041000334300003050000
00010507000000300004070045300600000
00046010010000205000100100007070007
16600370000000015070006070546700013
40300500203060000100206066401360320
05300030010001570500002246033050000
02400060000677165250020730607004006
10000004706300457002030501000066200
60000700101000070076000007070362706
02017071024060000000070032040600006
00501737000110020300002104001000325
00177064700215707014

Each pattern refers to a distinct rule, with different values for k and r, with 100 sites and evolved for 200 time steps. The column labeled “Rule” gives the
values for k and r for each pattern and its hexadecimal code for k � 2. For k � 2, we give the genotypic representation (2) of the of the CA rule.
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TABLE 3

Results of One Experiment, for Different k and r Values

k and r
values Fitness line graph � line graph

Distribution of evolved
rules in � intervals

k � 2,
r � 2

k � 2,
r � 3

k � 2,
r � 4

k � 3,
r � 1

k � 3,
r � 2

k � 4,
r � 1
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In Table 3 some experimental results of the evolutionary
process for different k and r values are presented. In the
results obtained, it can be seen that the highest fitness, after
settling at a certain value, started to go up toward the
central phase of the evolutionary process, to settle at a
higher value. In the first part of the evolution some rules
with high fitness are immediately discovered, whereas the
mean fitness, after a period of growth, settles at a certain
value, although some small oscillations may occur. At this
point the algorithm cannot discover other complex rules so

as to make the mean fitness increase. Therefore, when the
second method is enabled, a renewal of the mean fitness can
be seen that settles at a higher value, due to the increase in the
percentage of complex rules in the population and the conse-
quent discovery of rules with ever-higher fitness. In Table 3,
the right column shows the relationship between � and �.

4.1. Experiments’ Analysis
In this section, we describe the results of two experiments,
for different values of k and r. Each experiment has been

TABLE 3

Continued

k and r
values Fitness line graph � line graph

Distribution of evolved
rules in � intervals

k � 4,
r � 2

k � 5,
r � 1

k � 6,
r � 1

k � 8,
r � 1

The column labeled “Fitness line graph” gives the best fitness, the mean fitness and the elite mean fitness versus generation. The column labeled “Lambda
line graph” shows the mean �, the elite mean �, the � of the rules with the best fitness and the � variance, versus generation. The last column on the
right shows histogram of the evolved rules of the last generation versus �, for one single experiment. On the left side of the figure it is possible to note
the mean fitness value; at the bottom the mean � and the � variance values are given.
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performed for 40 generations, using a population of 40
rules. In order to compute the � function, we have used CA
composed by lattices of 75 sites that runs for 430 temporal
steps, ignoring the first 30 steps. The initial data, the same
for each CA of a single generation, have been modified for
every generation. For the evolutionary process, we have
used 30% of M rules as elite, whereas the random mutation
has been established about the 3% of the length of the string
(2). In Table 3, more experimental results are presented.

In the experiment with k 	 2, r 	 3 the highest fitness
shows a higher growth in the first phase of the evolutionary
process; then it continues to go up rapidly and settles in the
final part of the process. The fitness high value is 0.3657.
The mean fitness line shows an irregular process of growth,
with high peaks (see Figure 2). The � values of all the rules
for all the generations for this experiment are shown in
Figure 2. In this graph are given the mean � values line, the
� values of the rules that constitute the elite, the � of the
best fitness rules, and the � variance. It is possible to note
that these lines are very close to each other, whereas there
is a divergence for the variance.

The rules of the last generation for the k 	 2, r 	 3
experiment are distributed in the � parameter between the
values of 0.36 and 0.50 in the graph of Figure 3. Most of the
evolved rules occur in this interval, where it is also possible
to note the best fitness (empty circles) and the mean fitness
(filled circles) values. In this figure it is possible to identify
the relationship between � values and � values. The last
generation rules show that the best fitness is equal to
0.3657, the mean � value of 0.454, with a variance of 0.0168.

In the experiment with k 	 4, r 	 1 the highest fitness
shows a growth in the first phase of the evolutionary pro-
cess; next it pauses for a while, and then it continues to go
up, settles again, with another improvement in the last stage
of the evolutionary process. The fitness high value is 0.2188.

The mean fitness line shows moderate growth. In the mid-
dle, the fitness of the elite shows a regular path of growth
(see Figure 4).

In this experiment, the mean � values line, the � values of
the rules, which constitute the elite, follow roughly similar
paths; the � of the best fitness rules presents a different
path, with values that change in a relevant manner (see
Figure 4). Also the � variance shows a significant dissimi-
larity among generations.

The rules of the last generation for the k 	 4, r 	 1
experiment are distributed in the � parameter between the
values of 0.43 and 0.78 in the histogram of Figure 5. The
most part of the evolved rules are settled in the interval
comprised between 0.5 and 0.57. The last generation rules
show a mean � value of 0.5679, with a variance of 0.052.

The rules, distributed in the highest bar of the histogram,
present the best fitness values (red empty circles). At the left
side of the figure, the peak of the � best value noted is
0.2188.

To summarize, the results vary significantly from one
experiment to the other, both for the same and/or different
k and r values. The distribution of the evolved rules in the �

intervals is very dissimilar for each evolutionary process (see
Table 3).

4.2. Multirun Experiments
In order to investigate deeper the CA rule space and to
obtain more experimental results, we performed a higher
number of simulations. The rules found in the last genera-
tion were correlated with the � parameter, with the inten-
tion of obtaining a visual sketch of the distribution of the
complex rules in the rule space. Every multirun experiment
shows that the rules distribution settles on lower or higher
values of the � parameter.

FIGURE 4

k 	 4, r 	 1 highest fitness and mean fitness. In the middle, the
values for the rules, which constitute the elite and � values for each
generation. Respectively, the mean � values, the mean values of � for
the rules of the elite, the � variance among all the rules of each
generation and the best fit rules are reported.

FIGURE 5

The last generation rule distribution in the � values for the experiment
k 	 4, r 	 1.
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One hundred simulations per different values of k and r
were made. The results for each multirun experiment are
given in Table 4. For each experiment the distribution of the
evolved rules, the best fitness values and the mean fitness
values are presented versus �, organized in 14 intervals.
Furthermore, the highest �, the mean � and the � variance
values are reported.

In particular, in the experiment with k 	 2, r 	 2 the
values is mainly distributed between 0.15 and 0.78. The
mean is 0.4883, and the � variance is 0.1051. The best

fitness rules are about 0.2893. In the experiment with k 	

2, r 	 3 the � values is mainly distributed between 0.15
and 0.71. The mean � is 0.4752, and the � variance is
0.0999. The best fitness rules are about 0.3843. In the
experiment with k 	 2, r 	 4 the � values is mainly
distributed between 0.22 and 0.78. The mean � is 0.4906,
and the � variance is 0.0972. The best fitness rules are
about 0.4122.

In the experiment with k 	 3, r 	 1 the � values start
from 0.22, after there is a hole, and then are distributed

TABLE 4

Distribution of the Evolved Rules of the Last Generation in 14 � Intervals, for Each Multirun Experiment

k2r2
k2r3 k2r4 k3r1

k3r2

k4r1 k4r2 k5r1

k5r2
k6r1

k7r1 k8r1

On the left side of the figures it is possible to note the mean fitness value; at the bottom the mean � and the � variance values are given. In each histogram,
the best (empty circles) and the mean (filled circles) fitness are plotted for each � intervals.
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between 0.36 and 0.92. The mean � is 0.6230, and the �

variance is 0.1137. The best fitness rules are about 0.2738. In
the experiment with k 	 3, r 	 2 the � values are mainly
distributed between 0.15 and 0.64. The mean � is 0.4326,
and the � variance is 0.0921. The best fitness rules are about
0.4093.

In the experiment with k 	 4, r 	 1 the � values are
mainly distributed between 0.36 and 0.92. The mean � is
0.6715, and the � variance is 0.1157. The best fitness rules
are about 0.3209. In the experiment with k 	 4, r 	 2 the �

values are mainly distributed between 0.22 and 0.78. The

mean � is 0.5030, and the � variance is 0.0818. The best

fitness rules are about 0.3971.

In the experiment with k 	 5, r 	 1 the � values are

mainly distributed between 0.29 and 0.92. The mean � is

0.6320, and the � variance is 0.1054. The best fitness rules

are about 0.3530. In the experiment with k 	 5, r 	 2 the �

values are mainly distributed between 0.22 and 0.78. The

mean � is 0.6257, and the � variance is 0.1057. The best

fitness rules are about 0.3876.

In the experiment with k 	 6, r 	 1 the � values are

mainly distributed between 0.29 and 0.92. The mean � is

0.6257, and the � variance is 0.1057. The best fitness rules

are about 0.3700. In the experiment with k 	 7, r 	 1 the �

values are mainly distributed between 0.29 and 0.85. The

mean � is 0.6088, and the � variance is 0.0998. The best

fitness rules are about 0.3645. In the experiment with k 	 8,

r 	 1 the � values are mainly distributed between 0.29 and

0.92. The mean � is 0.6249, and the � variance is 0.0947. The

best fitness rules are about 0.3747.

To summarize, Figure 6 highlights the mean � values for

different k and r. As can be noted, maintaining constant r 	

1, the � values are near 0.6 (the mean is 0.631), with a peak

for k 	 4 (� 	 0.671) and a minimum for k 	 7 (� 	 0.609).

The � variance decreases as k values increase (see Table 4).

When we maintain constant r (r 	 2) and change the values

of k, the mean � are distributed between a minimum of

FIGURE 6

Mean � values for multirun experiments.

FIGURE 7

Mean � values with their intervals for multirun experiments.
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0.489 and a maximum of 0.579. If we changed the values of
r, maintaining constant k (k 	 2), we obtain mean � values
near 0.48. If k is held fixed (k 	 3) and we change the radius
values, we obtain different mean � values.

From multirun experiments, we found that the evolved
rules, for different k and r, are distributed in very large �

intervals (see Figure 7). If the radius is held fixed (r 	 1), the
� values are established roughly in the same intervals, from
0.36 to 0.92 for k 	 3, r 	 1 and for k 	 4, r 	 1; from 0.29
to 0.92 for k 	 5, r 	 1, k 	 6, r 	 1 and k 	 8, r 	 1; from
0.29 to 0.85 for k 	 7, r 	 1. If the radius is held fixed (r 	

2), the � interval is comprised between 0.15 and 0.78 for k 	

2, r 	 2; from 0.29 to 0.85 for k 	 3, r 	 2; from 0.22 to 0.78
for k 	 4, r 	 2 and for k 	 5, r 	 2.

5. CONCLUSIONS
With the implementation of a GA, whose � is based on the
variance of the input-entropy, a great quantity of CA com-
plex rules were found. The results obtained show that the
GA works well. Many experiments were performed in order
to ascertain how the GA searches for complex rules in the
rule space.

A sample of the complex rules and some emergent struc-
tures such as regular domains and gliders are presented.
The behavior of the rules obtained presents many differ-
ences. A preliminary analysis of their characteristics is re-
ported in Bilotta and Pantano [16].

The results vary significantly from one experiment to the
other, showing that evolution is very sensitive to k- and
r-values and to the other GA parameters. By changing these
parameters we have observed very asymmetrical processes.
If we look at many � histograms for one single experiment,
we can note that several processes of evolution present
many rules clustered together in one or more bins of the
histogram. This could mean that evolution goes toward
certain points of the CA rule space, parameterized in �, that
can be seen as evolutive attractors. Starting from rules
whose patterns are very different in the early generations,
we have observed that evolution removes the variants from
the population, reducing the trend toward slight phenotypic
variations and going in specific regions of the CA rule space.

The main result is that the evolved rules are distributed
in very large � intervals (see Figure 7). This means that the
CA rule space contains many evolutive attractors, located in
different regions.

We found that for different k values, maintaining con-
stant r 	 1, the � values are near 0.6. The � variance
decreases as k values increase. Furthermore for k 	 2,
changing the radius (r 	 1, r 	 2, r 	 3, r 	 4, r 	 5) the
mean � is about 0.48. Though the distribution of the rules in
the � parameter gives us information on the CA rule space,
it has a multifaceted nature that it is impossible to grasp,
according only to the � parameter. Similar conclusions were

obtained by other kinds of analysis. Because of � limitations,

several authors [17–21] have proposed new forecast param-

eters, that can be used jointly with � or instead of it.
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